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We ive a review of [19], in which the author studied analytic solutions to the Cauchy
problem for the  d‐dimensional Hartree equation under the assumption that the interaction
potential  V is in the weak  L^{d/2} ‐space. Furthermore, we show some extended results. More
precisely, we first give various smoothing effects for the equation. Next, an estimate for the
radius of convergence of  \exp(-i|x|^{2}/(4t))u(t, x) is given.
§1. Introduction
In this paper, we give a review of the author’s previous work [19], and show some
extended results. We consider analytic solutions to the Cauchy problem for the nonlinear
Schrödinger equation of the form
(1.1)  \{\begin{array}{l}
iu_{t}+\triangle u=F(u) ,
u(0, x) =\phi(x) .
\end{array}
Here,  u is a complex‐valued unknown function of  (t, x)  \in \mathbb{R}\cross \mathbb{R}^{d},  d\geq 3,  i=\sqrt{-1},  \triangle is
the Laplacian in  \mathbb{R}^{d},  F(u) denotes the Hartree term  (V*|u|^{2})u and  * is the convolution
in  \mathbb{R}^{d} . Throughout this paper, we assume that the interaction potential  V is a complex‐
valued given function on  \mathbb{R}^{d} and belongs to the weak  L^{d/2} space. In other words, we
assume that
(1.2)   \sup_{\lambda>0}\lambda| \{x \in \mathbb{R}^{d};|V(x)| > \lambda\} |^{2/d} < 
1.
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There is a large literature on the Cauchy problem for nonlinear Schrödinger equations
(see, e.g., [1, 11, 21] and references therein). In particular, Mochizuki [12] has proved
that if the condition
either  |V(x)|  \leq C|x|^{-2} or  V\in L^{d/2},
which is stronger than (1.2), holds and  \phi is sufficiently small in the  L^{2} ‐sense, then there
exists a time‐global solution  u to the integral equation of the form
 t
(1.3)  u(t)=U(t) -i U(t-t')F(u(t'))dt', t\in \mathbb{R}
 0
such that  u(t) behaves like a free solution  U(t)\phi+ in the  L^{2} ‐sense as  t  arrow  1 , where
 L^{2}  =L^{2}(\mathbb{R}^{d}) and  U(t)=e^{it\triangle} . In particular, the inverse wave operator  V_{+} :  \phi\mapsto\phi+ is
well‐defined on a neighborhood of  0 in  L^{2}.
We now mention the analytic smoothing effect for Schrödiner equations. We first
define linear operators
 M(t) :  S'(\mathbb{R}^{d})   \ni\psi\mapsto\exp(\frac{i|x|^{2}}{4t})\psi  S'(\mathbb{R}^{d}) ,  t\neq 0
and
 J^{\alpha} =U(t)x^{\alpha}U(-t) , \alpha\in \mathbb{N}_{0}^{d}, t\in \mathbb{R}
.
Then we have for any  t\neq 0,
(1.4)  J^{\alpha}=M(t)(2it\partial_{x})^{\alpha}M(-t) , \alpha\in \mathbb{N}_{0}^{d}.
As for the free Schrödiner equation  iu_{t}+\triangle u=0 , it is easy to show that if the initial
data  \phi satisfies   e^{\lambda|x|}\phi  \in  L^{2} for some  \lambda  >  0 , then for any  t  \neq  0 , the corresponding
solution  U(t)\phi(x) becomes real‐analytic in  x . Indeed,)since
  \mathcal{L}(x, \phi, L^{2}) :=\lim_{|\alpha|arrow}\sup_{\infty}(\frac{\Vert x^
{\alpha}\Vert_{2}}{\alpha!})^{1/|\alpha|} <1,




(1.5)  =  \frac{1}{|2t|}\lim_{|\alpha|arrow}\sup_{\infty}(\frac{\Vert J^{\alpha}U(t)
\phi\Vert_{2}}{\alpha!})^{1/|\alpha|} = \frac{1}{|2t|}\lim_{|\alpha|arrow}\sup_{
\infty}(\frac{\Vert x^{\alpha}\phi\Vert_{2}}{\alpha!})^{1/|\alpha|} <1,
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and hence that the mapping  x  \mapsto  M(-t)U(t)\phi(x) can be extended a holomorphic
function on the domain  \mathbb{R}^{d}+iP(|2t|/\mathcal{L}(x, \phi, L^{2})) of  \mathbb{C}^{d} for any  t  \neq  0 . Here, we have
defined the polydisc  P(r)=(-r, r)^{d}  (0<r\leq\infty) .
The analytic smoothing effect still holds for some nonlinear Schrödiner equations
and related equations (see, e.g., [2−10, 13‐18, 22]). In particular, we can use methods
in [8, 9, 15] to show the analyticity of the solutions to (1.1) and more detailed properties
provided that  V(x) satisfies (1.2). In these methods, one has to assume that the initial
data  \phi is small in the sense of some exponential weighted norm. On the other hand,
as we mentioned above, when one shows only the global existence and asymptotics  0
solutions  u to (1.1), one has only to assume that  \phi is small in the  L^{2} ‐sense. Therefore,
it is a natural question to ask whether we can show the analytic smoothing effect and
related results even if we only to assume that is small in the  L^{2} ‐sense and that
 e^{\lambda|x|}  \in L^{2} for some  \lambda>0 . The author [19] gave the following positive answers to this
question:
(I) We can choose some  \eta so that if  0<  \Vert\phi\Vert  <\eta and
(1.6)  \mathcal{L}(x, \phi, L^{2})  <1,
then the solution  u to (1.1) is real‐analytic for any  t  \neq  0 , where  \Vert\cdot\Vert  =  \Vert\cdot\Vert_{L^{2}}.
More precisely, the mapping  x\mapsto M(-t)u(t, x) can be extended to a holomorphic
function on the domain  \mathbb{R}^{d}+iP  (|2t|/C()) of  \mathbb{C}^{d} . Here, we have defined
(1.7)  C( \phi)=\sup_{|\alpha|>0}(\frac{(1+|\alpha|)^{p}||x^{\alpha}\Vert}
{\alpha!\Vert||})^{1/|\alpha|}
and  p is a positive constant dependent only on  \Vert\phi\Vert,  d and  V.
(II) For any  \lambda>0 and   0<\delta<\eta there exists some  \in L^{2} such that  \Vert  \Vert  =\delta and
  \sup_{t\neq 0}\lim_{|\alpha|arrow}\sup_{\infty}|2t| (\frac{\Vert\partial_{x}^{
\alpha}M(-t)u(t)\Vert}{\alpha!})^{1/|\alpha|} \leq \mathcal{L}(x, \phi, L^{2})=
\lambda.
Remark that if  V=0 , then the above inequality becomes equality for any  \in L^{2}
satisfying (1.6).
(III) If  \phi and  V satisfy some strong condition, then the mapping  x  \mapsto  M(-t)u(t, x)
can be extended to an entire function on  \mathbb{C}^{d} for any  t\neq 0.
(IV) In the case of the final value problem, we have some properties similar to  (I)-(III .
The rest of this paper is organized as follows. In the next section, we state main results
in [19] precisely. In Section 3, we introduce extended results. More precisely, we first
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give various smoothing effects for (1.1). Next, an estimate for the radius of convergence
of  M(-t)u(t, x) is given. In Sections 4 and 5, we show the extended results.
§2. Main results in [19]
We first list some notation used in main results of [19]. For  1  \leq a\leq 1 , we denote
the Lebesgue space  L^{a}(\mathbb{R}^{d}) and its norm by  L^{a} and  \Vert\cdot\Vert_{a} , respectively. For  1  \leq a\leq 1
and  s\in \mathbb{R},  H_{a}^{s} denotes the inhomogeneous Sobolev space  H_{a}^{s}(\mathbb{R}^{d}) . For  \eta>0 , by  B_{\eta}L^{2}
we denote the closed ball in  L^{2} with radius  \eta centered at origin. We put  \mathbb{N}_{0}=\mathbb{N}\cup\{0\}.
For a multi‐index  \alpha\in \mathbb{N}_{0}^{d} , we set  \langle\alpha\rangle  =1+|\alpha| . Put
 r= ( \frac{1}{2}-\frac{2}{3d})^{-1}
We denote  L^{3}(\mathbb{R};L^{r}) and  (C\cap L^{\infty})(\mathbb{R};L^{2})\cap L^{3}(\mathbb{R};L^{r}) by  Y and  Z , respectively.
 Z^{\infty}=\{v\in Z;\partial_{x}^{\alpha}v\in Z (\alpha\in \mathbb{N}_{0}^{d})
\}, Z_{\infty}=\{v\in Z;J^{\alpha}v\in Z (\alpha\in \mathbb{N}_{0}^{d})\},
and
 H^{\infty}  = \bigcap_{k=0}^{\infty}H^{k},  H_{\infty}  = \bigcap_{k=0}^{\infty}\mathcal{F}H^{k},
where  \mathcal{F} is the Fourier transform on  S'(\mathbb{R}^{d}) . For a Banach space  \mathcal{X}  \subset  S'(\mathbb{R}^{d}) and
 \psi\in \mathcal{X} , we put
  \mathcal{L}(\partial, \psi, \mathcal{X})=\lim_{|\alpha|arrow}\sup_{\infty}
(\frac{\Vert\partial_{x}^{\alpha}\psi\Vert}{\alpha!})^{1/|\alpha|}
and
  \mathcal{L}(J, \psi, \mathcal{X})=\lim_{|\alpha|arrow}\sup_{\infty}
(\frac{\Vert J^{\alpha}\psi\Vert}{\alpha!})^{1/|\alpha|}
Remark that the embedding  H_{q}^{d+1}(\mathbb{R}^{d})  \mapsto  L^{\infty} implies that  \mathcal{L}(\partial, \psi, L^{\infty})  \leq  \mathcal{L}(\partial, \psi, L^{q})
for any  q  \in [1, 1]. In particular, if  \mathcal{L}(\partial, \psi, L^{q})  <  1 then  \psi can be extended to a
holomorphic function on the domain  \mathbb{R}^{d}+iP(1/\mathcal{L}(\partial, \psi, L^{q})) of  \mathbb{C}^{d} . For a Banach space
 \mathcal{Y}  S'(\mathbb{R}\cross \mathbb{R}^{d}) and  v\in \mathcal{Y} , we put
  \mathcal{L}(J, v, \mathcal{Y})=\lim_{|\alpha|arrow}\sup_{\infty}(\frac{\Vert 
J^{\alpha}v\Vert}{\alpha!})^{1/|\alpha|}
For  \psi\in H^{\infty} and  p>0 , we define  C^{\psi,p}=0 if  \psi=0 , and
 C^{\psi,p}= \sup_{|\alpha|>0}(\frac{\langle\alpha\rangle^{p}||\partial_{x}
^{\alpha}\psi\Vert}{\alpha!||\psi\Vert})^{1/|\alpha|}, \psi\neq 0.
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For  \psi\in H_{\infty} and  p>0 , we define  C_{\psi,p}=0 if  \psi=0 , and
 C_{\psi,p}= \sup_{|\alpha|>0}(\frac{\langle\alpha\rangle^{p}||x^{\alpha}
\psi\Vert}{\alpha!||\psi\Vert})^{1/|\alpha|}, \psi\neq 0.
We remark that  C^{\psi,p} (resp.  C_{\psi,p} ) is finite for any  p>0 provided that  \mathcal{L}(\partial, \psi, L^{2})  <1
(resp.  \mathcal{L}(x, \psi, L^{2})  <\infty ).
We are ready to state main results of [19] precisely.
Theorem 2.1. Assume (1.2). Then a positive number  \eta  >  0 satis es the fol‐
lowing properties:
(1) For any  \phi  \in  B_{\eta}L^{2} , there exists a unique solution  u  \in  Z to (1.3) and a functio
 \phi+  \in  L^{2} such that  U(-t)u(t)  arrow  \phi+ as  t  arrow  +\infty in  L^{2} . Hence the inverse wave
operator  v_{+} :  B_{\eta}L^{2}  \ni\phi\mapsto\phi+  \in L^{2} is well‐defined.
(2) If  \phi\in B_{\eta}L^{2}\cap H^{\infty} and  \mathcal{L}(\partial, \phi, L^{2})  <1 , then  u\in Z^{\infty},  V_{+}(\phi)  \in H^{\infty} and
 \mathcal{L}(\partial, u, Z) , \mathcal{L}(\partial, V_{+}(\phi), L^{2}) \leq C^
{\phi,p}.
Here,  p is a positive constant dependent only on  \Vert\phi\Vert,  d and  V.
(3) If  \phi\in B_{\eta}L^{2}\cap H_{\infty} and  \mathcal{L}(x, \phi, L^{2})  <1 , then  u\in Z_{\infty},  V_{+}(\phi)  \in H_{\infty} and
  \sup_{t\neq 0}|2t|\mathcal{L}(\partial, M(-t)u(t), L^{2}) , \mathcal{L}(J, u, 
Z) , \mathcal{L}(x, V_{+}(\phi), L^{2}) \leq C_{\phi,p}.
Here,  p is a positive constant dependent only on  \Vert\phi\Vert,  d and V. In particular, it fol‐
lows that  M(-t)u(t, x)  (t\neq 0)  ( resp.  \mathcal{F}V_{+}(\phi)(x)) can be extended to a holomorphic
function on the domain  \mathbb{R}^{d}+iP(|2t|/C_{\phi,p})  ( resp.  \mathbb{R}^{d}+iP(1/C_{\phi,p})) .
Remark. Property (3) indicates that the analytic smoothing effect still holds even
if we assume only that  \phi is small in the  L^{2} ‐sense and that  e^{\lambda|x|}\phi\in L^{2} for some  \lambda>0.
Remark. The proof of Theorem 2.1 is quite similar to that of Theorem 3.1 shown
in Section 4.
Under the assumption  \phi\in B_{\eta}L^{2}\cap H^{\infty} and  \mathcal{L}(\partial, \phi, L^{2})  <1 (resp.  \phi\in B_{\eta}L^{2}\cap H_{\infty}
and  \mathcal{L}(x, \phi, L^{2})  <  \infty) , it is clear that  \mathcal{L}(\partial, \phi, L^{2})  \leq  \mathcal{L}(\partial, u, Z) (resp.  \mathcal{L}(x, \phi, L^{2})  \leq
 \mathcal{L}(J, u, Z)) . For some  \phi , the inequality becomes the equality, which is natural in the
case of the free Schrödinger equation.
Corollary 2.2. Assume (1.2) and let  \eta be the number appearing in Theore
2.1. Fix  \delta\in  (0, \eta) and  \lambda>0.
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(1) There exists some  \phi  \in  H^{\infty} such that  \Vert\phi\Vert  =  \delta and the solution  u to (1.3) and the
function  V_{+}(\phi) satisfy that
  \mathcal{L}(\partial, V_{+}(\phi), L^{2}) \leq\sup_{t\in \mathbb{R}}
\mathcal{L}(\partial, u(t), L^{2})=\mathcal{L}(\partial, u, Z)=\mathcal{L}
(\partial, \phi, L^{2})=\lambda.
(2) There exists some  \in  H_{\infty} such that  \Vert  \Vert  =  \delta and the solution  u to (1.3) and the
function  V_{+}(\phi) satisfy that
  \mathcal{L}(x, V_{+}(\phi), L^{2}) , \sup_{t\neq 0}|2t|\mathcal{L}(\partial, M
(-t)u(t), L^{2}) \leq \mathcal{L}(J, u, Z)=\mathcal{L}(x, \phi, L^{2})=\lambda.
Remark. Applying known methods, one can obtain other estimates for  \mathcal{L}(J, u, Z) .
For example, if we use the norm
  \mapsto \Vert \Vert_{E(A)} :=\sum_{\alpha}\frac{\Vert x^{\alpha}\phi\Vert}
{\alpha!}A^{|\alpha|},
which was defined in [8, 15], then we can choose positive constants  \delta,  C>0 so that for
any  \in L^{2} and  A>0 with  \Vert  \Vert_{E(A)}  \leq\delta , the solution  u to (1.3) satisfies
  \sum_{\alpha}\frac{\Vert J^{\alpha}u\Vert_{Z}}{\alpha!}A^{|\alpha|} \leq 
C\delta.
Hence we obtain
  \mathcal{L}(J, u, Z) \leq in \{\frac{1}{A};\Vert\phi\Vert_{E(A)} \leq\delta\}.
Unfortunately, it seems that such estimates are not applicable to prove Corollary 2.2.
Sketch of the proof of Corollary 2.2. We prove only (2) since (1) can be shown
similarly. Let  p>0 . Fix  m\in \mathbb{N} and   a\in  (0,1) . Define the function
 \varphi(y)=\chi_{[a,\infty)}(y)y^{-m-1/2}e^{-y}, y\in \mathbb{R},
where  \chi_{[a,\infty)} is the indicator function of  [a, \infty ). If  m  >  [2p]  +3 and  a is sufficiently
small, then the function
 \Phi(x) :=\varphi(x_{1})\cdots\varphi(x_{d}) (x= (x_{1}, \cdots , x_{d}) \in 
\mathbb{R}^{d})
satisfies  \Phi\in H_{\infty} and
  \sup_{|\alpha|>0}(\frac{\langle\alpha\rangle^{p}||x^{\alpha}\Phi\Vert}
{\alpha!||\Phi\Vert})^{1/|\alpha|} =\mathcal{L}(x, \Phi, L^{2})=1.
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Set
 \phi(x)=\delta\lambda^{-d/2}\Phi(\lambda^{-1}x)/\Vert\Phi\Vert, x\in \mathbb{R}
^{d}
Then we obtain  \Vert\phi\Vert  =  \delta and  C_{\phi,p}  =  \mathcal{L}(x, \phi, L^{2})  =  \lambda . By Theorem 2.1 and (1.4), we
have the desired properties.  \square 
It is a natural and interesting question to ask whether the solution  u(t) can be
extended to an entire function on  \mathbb{C}^{d} provided that  \phi satisfies some strong condition.
The following result is a partial answer:
Corollary 2.3. Assume (1.2) and let  \eta be the number appearing in Theore
2.1. Assume, in addition, that  \phi\in B_{\eta}L^{2}.
(1) If  \in H^{\infty},  \mathcal{L}(\partial, \phi, L^{2})  =0,  \partial_{x}^{\alpha}V\in L^{d/2}  (\alpha\in \mathbb{N}_{0}^{d}) and  \mathcal{L}(\partial, V, L^{d/2})  =0 , then the
solution  u to (1.3) and the function  V_{+}(\phi) satisfy
 \mathcal{L}(\partial, u, Z) , \mathcal{L}(\partial, V_{+}(\phi), L^{2})=0,
and for any  \epsilon>0,
  \lim_{tarrow+\infty}\sup_{\alpha}\frac{\Vert\partial_{x}^{\alpha}(U(-t)u(t)-V_
{+}(\phi))\Vert}{\alpha!\epsilon^{|\alpha|}} =0.
(2) If  \phi  \in  H_{\infty},  \mathcal{L}(x, \phi, L^{2})  =  0,  \partial_{x}^{\alpha}V  \in  L^{\infty}  (\alpha \in \mathbb{N}_{0}^{d}) and  \mathcal{L}(\partial, V, L^{\infty})  =  0 , then fo
any  t\neq 0 , the solution  u to (1.3) satisfie
 \mathcal{L}(\partial, M(-t)u(t), L^{2})=0.
In particular,  u(t, x)  (t\neq 0) can be extended to the entire functio
  \sum_{\alpha}\frac{\partial_{x}^{\alpha}u(t,0)}{\alpha!}z^{\alpha}, z\in 
\mathbb{C}^{d}
Remark. The proof of Theorem 2.3 is similar to that of Theorem 3.3 shown in
Section 5.
A result for the final value problem is obtained as in the proof of Theorem 2.1 and
Corollary 2.3.
Theorem 2.4. Assume (1.2) and let  \eta be the number appearing in Theorem 2.1.
Then a positive number  \eta'  >0 satis es the following properties:
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(1) For any  \phi\in B_{\eta'}L^{2} , there exists aunique solution  u\in Z to
 t
 u(t)=U(t) -i U(t-t')F(u(t'))dt', t\in \mathbb{R}
 -\infty
such that  u(0)  \in  B_{\eta}L^{2} and  U(-t)u(t)  arrow  \phi as  t  arrow  -1 in  L^{2} . Hence the wave
operator  W_{-} :  B_{\eta'}L^{2}  \ni  \phi  \mapsto  u(0)  \in  B_{\eta}L^{2} and the scattering operator  S  =  v_{+}\circ
 W_{-} :  B  \prime L^{2}arrow L^{2} are well‐defined.
(2) If  \phi\in B_{\eta'}L^{2}\cap H^{\infty} and  \mathcal{L}(\partial, \phi, L^{2})  <1 , then  u\in Z^{\infty},  W_{-}(\phi) ,  S(\phi)  \in H^{\infty} and
 \mathcal{L}(\partial, u, Z) , \mathcal{L}(\partial, W_{-}(\phi), L^{2}) , 
\mathcal{L}(\partial, S(\phi), L^{2}) \leq C^{\phi,p}.
Here,  p is a positive constant dependent only on  \Vert\phi\Vert,  d and V. Assume, in addition,
that  \in H^{\infty},  \mathcal{L}(\partial, \phi, L^{2})=0,  \partial_{x}^{\alpha}V\in L^{d/2}  (\alpha\in \mathbb{N}_{0}^{d}) and  \mathcal{L}(\partial, V, L^{d/2})=0 , the
 \mathcal{L}(\partial, u, Z) , \mathcal{L}(\partial, W_{-}(\phi), L^{2}) , 
\mathcal{L}(\partial, S(\phi), L^{2})=0,
and for any  \epsilon>0,
  \lim_{tarrow-\infty}\sup_{\alpha}\frac{\Vert\partial_{x}^{\alpha}(U(-t)u(t)-W_
{-}(\phi))\Vert}{\alpha!\epsilon^{|\alpha|}}  = \lim_{tarrow+\infty}\sup_{\alpha}\frac{\Vert\partial_{x}^{\alpha}(U(-t)u(t)-S
(\phi))\Vert}{\alpha!\epsilon^{|\alpha|}}  =0.
(3) If  \phi\in B_{\eta'}L^{2}\cap H_{\infty} and  \mathcal{L}(x, \phi, L^{2})  <1 , then  u\in Z_{\infty},  W_{-}(\phi) ,  S(\phi)  \in H_{\infty} and
 \mathcal{L}(J, u, Z) , \mathcal{L}(x, W_{-}(\phi), L^{2}) , \mathcal{L}(x, 
S(\phi), L^{2}) \leq C_{\phi,p}.
Here,  p is a positive constant dependent only on  \Vert\phi\Vert,  d and  V.
§3. Extended results
In this section, we give some properties which are an extended version of Theorem
2.1 and Corollary 2.3. For this purpose, we list some notation. By  0 , we denote the
zero multi‐index in  d‐dimensions. For  \mu\geq  1 , by  S_{\mu} we denote the set of all functions  \psi
on  \mathbb{R}^{d} such that
  \mathcal{L}_{\mu}(x, \psi, L^{2}) :=\lim_{|\alpha|arrow}\sup_{\infty}
(\frac{\Vert x^{\alpha}\psi\Vert}{\alpha!\mu})^{1/|\alpha|} <1.
Remark that for any  \mu\geq  1 , The following three conditions are equivalent to each other:
(i)  \psi\in S_{\mu}.
(ii)  \psi\in H_{\infty}(\mathbb{R}^{d}) and some positive constants  C and  A satisfy that
 \Vert x^{\alpha}\psi\Vert \leq CA^{|\alpha|}\alpha!^{\mu}, \alpha\in \mathbb{N}
_{0}^{d}.
Remark on the analytic smoothing effect for the Hartree equation 99
(iii) Some positive constant  \lambda satisfies that
 e^{\lambda|x|^{1/\mu}}\psi\in L^{2}
Let  \mu\geq  1 and  t\neq 0 . If  U(-t)u(t)  \in S_{\mu} , then we see from the proof of (1.5) that
  \lim_{|\alpha|arrow}\sup_{\infty}(\frac{\Vert\partial_{x}^{\alpha}M(-t)u(t)
\Vert_{\infty}}{\alpha!\mu})^{1/|\alpha|} \leq \frac{1}{|2t|}\mathcal{L}_{\mu}
(x, U(-t)u(t), L^{2}) ,
and hence that  M(-t)u(t, \cdot)  \in G^{\mu}(\mathbb{R}^{d}) . Here,  G^{\mu}(\mathbb{R}^{d}) is the Gevrey space, which is the
set of all  C^{\infty} functions  \psi on  \mathbb{R}^{d} such that for any compact subset  K of  \mathbb{R}^{d} there exists
some  A>0 satisfying
 |\partial_{x}^{\alpha}\psi(x)| \leq A^{1+|\alpha|}\alpha!^{\mu}, x\in K, \alpha
\in \mathbb{N}_{0}^{d}.
For a function  V on  \mathbb{R}^{d} , we define
 \mathcal{L}_{V}=  \{\begin{array}{l}




For  a,  b\in \mathbb{R} , we set  a \vee b=\max\{a, b\} and  a \wedge b=\min\{a, b\}.
The first theorem includes one of smoothing effects for (1.1).
Theorem 3.1. Assume (1.2). Let  p  >  d . Then a positive number  \kappa  >  0 and
 C>0 satisfy the following properties:
(1) For any  \phi  \in  B_{\kappa}L^{2} , there exists a unique solution  u  \in  Z to (1.3) and a functio
 \phi+  \in  L^{2} such that  U(-t)u(t)  arrow  \phi+ as  t  arrow  +\infty in  L^{2} . Hence the inverse wave
operator  v_{+} :  B_{\kappa}L^{2}  \ni\phi\mapsto\phi+  \in L^{2} is well‐defined.
(2) If  \phi\in B_{\kappa}L^{2}\cap H^{\infty}\backslash \{0\} , then the solution  u to (1.3) and the function  v_{+}(\phi) satisfy
that  u\in Z^{\infty},  V_{+}(\phi)  \in H^{\infty} and
 \Vert\partial_{x}^{\alpha}u\Vert_{Z},  \Vert\partial_{x}^{\alpha}V_{+}(\phi)\Vert  \leq   \frac{C\Vert\phi||\alpha!}{\langle\alpha\rangle^{p}}   \{o^{\max_{\neq\beta\leq\alpha}}(\frac{\langle\beta\rangle^{p}||\partial_{x}^{
\beta}\phi\Vert}{\beta!||\Vert})^{1/|\beta|}\}^{|\alpha|},  \alpha\in \mathbb{N}_{0}^{d}\backslash \{0\}.
(3) If  \phi\in B_{\kappa}L^{2}\cap H_{\infty}\backslash \{0\} , then the solution  u to (1.3) and the function  V_{+}(\phi) satisfy
that  u\in Z_{\infty},  V_{+}(\phi)  \in H_{\infty} and
 \Vert J^{\alpha}u\Vert_{Z},  \Vert x^{\alpha}V_{+}(\phi)\Vert  \leq   \frac{C\Vert\phi||\alpha!}{\langle\alpha\rangle^{p}}   \{o^{\max_{\neq\beta\leq\alpha}}(\frac{\langle\beta\rangle^{p}||x^{\beta}
\Vert}{\beta!||\Vert})^{1/|\beta|}\}^{|\alpha|},  \alpha\in \mathbb{N}_{0}^{d}\backslash \{0\}.
In particular, for any  t\neq 0 , the mapping  x\mapsto M(-t)u(t, x) is in  C^{\infty} (Rd).
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We establish the above theorem in Section 4. We now give a corollary.
Corollary 3.2. Assume (1.2). Let  p>d and let  \kappa be the number appearing  i
Theorem 3.1. If  \mu  \geq  1 and  \phi  \in  B_{\kappa}L^{2}\cap S_{\mu}\backslash \{0\} , then the solution  u to (1.3) and the
function  V_{+}(\phi) satisfy that  U(-t)u(t)  \in S_{\mu}  (t\in \mathbb{R}) and  V_{+}(\phi)  \in S_{\mu} . Furthermore, fo
any  t\neq 0 , the mapping  x\mapsto M(-t)u(t, x) is in the Gevrey space  G^{\mu} (Rd).
Proof. Assume that  \mu\geq  1 and  \phi\in B_{\kappa}L^{2}\cap S_{\mu}\backslash \{0\} . We see from Theorem 3.1(2)
that the solution  u to (1.1) and the function  v_{+}(\phi) satisfy that  u\in Z_{\infty},  V_{+}(\phi)  \in H_{\infty}
and
(3.1)
 \Vert J^{\alpha}u\Vert_{Z},  \Vert x^{\alpha}V_{+}(\phi)\Vert  \leq   \frac{C\Vert\phi||\alpha!}{\langle\alpha\rangle^{p}}   \{o^{\max_{\neq\beta\leq\alpha}}(\frac{\langle\beta\rangle^{p}||x^{\beta}
\Vert}{\beta!||\Vert})^{1/|\beta|}\}^{|\alpha|},  \alpha\in \mathbb{N}_{0}^{d}\backslash \{0\}.
By the inequality
(3.2)  \beta!^{1/|\beta|}  \leq d\alpha!^{1/|\alpha|} if   0\neq\beta\leq\alpha
and the existence of constants  K and  A such that
 \Vert x^{\alpha}\phi\Vert \leq KA^{|\alpha|}\alpha!^{\mu}, \alpha\in \mathbb{N}
_{0}^{d},
we obtain









Therefore, it follows from (3.1) that
 \Vert J^{\alpha}u\Vert_{Z},  \Vert x^{\alpha}V_{+}(\phi)\Vert  \leq   \frac{C\Vert\phi\Vert}{\langle\alpha\rangle^{p}}\{Ad^{\mu-1}\sup_{|\beta|>0}
(\frac{\langle\beta\rangle^{p}K}{\Vert\phi||})^{1/|\beta|}\}^{|\alpha|}\alpha!^{
\mu},  \alpha\in \mathbb{N}_{0}^{d}\backslash \{0\},
and hence that  v_{+}(\phi)  \in S_{\mu} and  U(-t)u(t)  \in S_{\mu}.
For the sake of completeness, we finally show (3.2). For any  n,  m\in \mathbb{N} , we have
 n!^{m} \leq (n^{m})^{n}\leq (\frac{(n+m)!}{n!})^{n},




 \beta!^{1/|\beta|}  \leq  |\beta|!^{1/|\beta|}  \leq  |\alpha|!^{1/|\alpha|} if  0\neq\beta\leq\alpha.
Then (3.2) follows from the in   \sumquality
  \frac{|\alpha|!}{\alpha!} \leq \sum \frac{|\gamma|!}{\gamma!}1^{\gamma_{1}}
\cdots 1^{\gamma_{d}} =d^{|\alpha|}, \alpha\in \mathbb{N}_{0}^{d}. |\gamma|=|\alpha|
We next introduce an estimate for the radius of convergence of  M(-t)u(t, x) .
Theorem 3.3. Assume (1.2). Let  p>  d and let  \kappa be the number appearing  i
Theorem 3.1. For any  \phi\in  B_{\kappa}L^{2}\cap S_{1} , the solution  u to (1.1) and the function  V_{+}(\phi)
satisfy
  \mathcal{L}(\partial, M(-t)u(t), L^{2}) \leq (\frac{\mathcal{L}(x,\phi,L^{2})}
{|2t|}\vee \mathcal{L} ) \wedge\frac{C_{\phi,p}}{|2t|}, t\neq 0.
Remark. We establish the above theorem in Section 5. Known results (Theorem
2.1 and Corollary 2.3) imply the following properties:
(a) For any  \phi\in B  L^{2}\cap S_{1} , it follows that
  \mathcal{L}(\partial, M(-t)u(t), L^{2}) \leq \frac{C_{\phi,p}}{|2t|}, t\neq 0
for some  p>d.
(b) If  \mathcal{L}(x, \phi, L^{2})=\mathcal{L}(\partial, V, L^{\infty})  =0 , then
 \mathcal{L}(\partial, M(-t)u(t), L^{2})=0, t\neq 0,
where  v is the solution to (1.1) with  \phi=\psi.
Hence Theorem 3.3 is strictly stronger than the above (a) and (b) provided that  \kappa is
sufficiently small.
§4. Proof of Theorem 3.1
Before proving Theorem 3.1, we first mention some inequalities (for the proof,
see [19]).
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Proposition 4.1 (Strichartz type estimates). For any  \psi\in L^{2} and  G\in L^{1}(\mathbb{R};L^{2}) ,
we have
 t
 U(t)\psi, U(t-t')G(t')dt'\in Z
 0
and
 \Vert U(t)\psi\Vert_{Z} \leq C\Vert\psi\Vert, f\in L^{2},
 \Vert 0^{t}U(t-t')G(t')dt'\Vert_{Z} \leq C\Vert G\Vert_{L^{1}(\mathbb{R};L^{2})
}, G\in L^{1}(\mathbb{R};L^{2}) .
Here,  C is a positive constant independent of  f and  G.
Proposition 4.2 (Estimates for the nonlinearity).
(1) Assume (1.2). The
 \Vert(V*(\psi_{1}\psi_{2}))\psi_{3}\Vert \leq C\Vert\psi_{1}\Vert_{r}\Vert\psi_
{2}\Vert_{r}\Vert\psi_{3}\Vert_{r}, \psi_{1}, \psi_{2}, \psi_{3} \in L^{r}
Here,  C is a positive constant independent of  \psi_{1},  \psi_{2} and  \psi_{3}.
(2) If  W\in L^{\infty} , the
 \Vert(W*(\psi_{1}\psi_{2}))\psi_{3}\Vert \leq \Vert W\Vert_{\infty}
\Vert\psi_{1}\Vert\Vert\psi_{2}\Vert\Vert\psi_{3}\Vert, \psi_{1}, \psi_{2}, 
\psi_{3}\in L^{2}





We next define a  funct_{i}on space. For  \phi\in H_{\infty}\backslash \{0\} and  p>0 , we define  g_{\phi}(0)=1,




 Z_{\phi}=  \{v\in Z_{\infty};\Vert v\Vert_{Z_{\phi}} :=\sup_{\alpha\in 
\mathbb{N}_{0}^{d}}\frac{\langle\alpha\rangle^{p}\Vert J^{\alpha}v\Vert_{Z}}
{\alpha!g_{\phi}(\alpha)} <1\}
Remark that we obtain for any  \phi\in H_{\infty},
(4.1)   \frac{\langle\alpha\rangle^{p}||x^{\alpha}\phi\Vert}{\alpha!g_{\phi}(\alpha)} 
\leq \Vert\phi\Vert, \alpha\in \mathbb{N}_{0}^{d}
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and
(4.2)  g_{\phi}(\beta+\gamma+\delta) \geq g_{\phi}(\beta)g_{\phi}(\gamma)g_{\phi}
(\delta) , \beta, \gamma, \delta\in \mathbb{N}_{0}^{d}.
The reason why we put the term  \langle\alpha\rangle^{p} in the definition of the  Z_{\phi}‐norm is that we
establish the inequality
  \frac{\langle\alpha\rangle^{p}\Vert J^{\alpha}F(v)||_{L^{1}(\mathbb{R};L^{2})}
}{\alpha!g_{\phi}(\alpha)} \leq C(\max\frac{\langle\beta\rangle^{p}\Vert 
J^{\beta}v\Vert_{Z}}{\beta!g_{\phi}(\beta)})^{3}, v\in Z_{\infty}, \alpha\in 
\mathbb{N}_{0}^{d}.
Proof of Theorem 3.1. Assume (1.2). We have only to show (1) and (3) in the
case  \phi  \in  H_{\infty}  \backslash \{0\} . Put  p  >  d and  v  \in  Z_{\infty} . By  C , we denote a positive constant
independent of  \phi,  v,  \alpha,  \beta,  \gamma and  \delta . By (1.4), the Leibniz rule and Proposition 4.2(1), we
obtain
 \Vert J^{\alpha}F(v)\Vert_{L^{1}(I;L^{2})}  =  \Vert M(t)(2it\partial_{x})^{\alpha}\{(V* (M(-t)v\overline{M(-t)v}))M(-t)v\}
\Vert_{L^{1}(I;L^{2})}
  \leq\sum_{\beta+\gamma+\delta=\alpha}\{\frac{\alpha!}{\beta!\gamma!\delta!}









By (4.2) and Proposition 4.3, we have
  \frac{\langle\alpha\rangle^{p}\Vert J^{\alpha}F(v)||_{L^{1}(I;L^{2})}}
{\alpha!g_{\phi}(\alpha)}






  \leq C(\max\frac{\langle\beta\rangle^{p}\Vert J^{\beta}v\Vert_{Z}}
{\beta!g_{\phi}(\beta)})^{3}, \alpha\in \mathbb{N}_{0}^{d}.
Therefore, it follows from Proposition 4.1 and (4.1) that the mapping
 t




 \Vert V\Vert_{Z} \leq C\Vert\phi\Vert+C\Vert v\Vert_{Z}^{3}, v\in Z
and
(4.3)  \Vert V\Vert_{Z_{\phi}} \leq C\Vert\phi\Vert+C\Vert v\Vert_{Z_{\phi}}^{3}, v\in
Z_{\phi}.
Similarly, we have
  \Vert\overline{v_{1}}-\overline{v_{2}}\Vert_{Z} \leq C\max_{=1,2}\Vert v_{j}
\Vert_{Z}^{2}\Vert v_{1}-v_{2}\Vert_{Z}, v_{1}, v_{2} \in Z
and
  \Vert\overline{v_{1}}-\overline{v_{2}}\Vert_{Z_{\phi}} \leq C\max_{=1,2}\Vert 
v_{j}\Vert_{Z_{\phi}}^{2}\Vert v_{1}-v_{2}\Vert_{Z_{\phi}}, v_{1}, v_{2} \in Z_{
\phi}.
We see from the standard contraction argument that if  \kappa  >  0 is sufficiently small and
 \phi\in B_{\kappa}L^{2} , then (1.3) has the unique solution  u in the sense of  Z , and that  u\in Z_{\phi} and
(4.4)  \Vert u\Vert_{Z_{\phi}} \leq C\Vert \Vert
By (4.4), we obtain for any  \alpha\in \mathbb{N}_{0}^{d} with  |\alpha|  >0,









that  V_{+}(\phi)  \in H_{\infty} and
  \Vert x^{\alpha}V_{+}(\phi)\Vert \leq \frac{C\Vert\phi||\alpha!}{\langle\alpha
\rangle^{p}} \{o^{\max_{\neq\beta\leq\alpha}}(\frac{\langle\beta\rangle^{p}||x^{
\beta}\phi\Vert}{\beta!||\phi\Vert})^{1/|\beta|}\}^{|\alpha|}
Hence Theorem 3.1 holds true.  \square 
§5. Proof of Theorem 3.3
In this section, we show Theorem 3.3. Assume (1.2). Let  p>  d and let  \kappa be the
number appearing in Theorem 3.1. Fix  \epsilon>0 and  t\neq 0 . Define  \mathcal{L}_{\phi,\varepsilon}=\mathcal{L}(x, \phi, L^{2})+\epsilon,
 \mathcal{L}_{V,\varepsilon}  =  \mathcal{L}_{V}+\epsilon and  \mathcal{L}_{\varepsilon}(t)  =  \mathcal{L}_{\phi,\varepsilon}\vee  |2t|\mathcal{L}_{V,\varepsilon} . Assume in addition that  \phi  \in  B_{\kappa}L^{2}\cap S_{1}.
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Let  u be the solution to (1.3). We see from Theorem 3.13) that  \mathcal{L}(\partial, M(-t)u(t), L^{2})  \leq
 C_{\phi,p}/|2t| . Therefore, it suffices to show that  \mathcal{L}(\partial, M(-t)u(t), L^{2})  \leq  \mathcal{L}_{\varepsilon}(t)/|2t| in the
case  \phi,  V  \neq  0 and  \mathcal{L}_{V}  <  1 . By  C , we denote a positive constant independent  0
,  u,  \alpha,  \beta,  \gamma and  \epsilon.
We can choose some  N\in \mathbb{N} so that
 ( \frac{\langle\alpha\rangle^{d+1}\Vert x^{\alpha}\phi\Vert}{\alpha!\Vert\Vert}
)^{1/|\alpha|}  \leq \mathcal{L}_{\phi,\varepsilon} and  ( \frac{\langle\alpha\rangle^{d+1}||\partial_{x}^{\alpha}V\Vert_{\infty}}
{\alpha!\Vert V||_{\infty}})^{1/|\alpha|}  \leq \mathcal{L}_{V,\varepsilon}
for any  \alpha\in \mathbb{N}_{0}^{d} with  |\alpha|  >N . Therefore, we have
 K_{\phi}= \max_{|\alpha|\leq}   \frac{\langle\alpha\rangle^{d+1}\Vert x^{\alpha}\phi\Vert}{\alpha!} and
  \sup_{|\alpha|>}   \frac{\langle\alpha\rangle^{d+1}||x^{\alpha}\phi\Vert}{\alpha!\mathcal{L}
_{\phi,\varepsilon}^{|\alpha|}}  \leq  \Vert  \Vert and
Put
Hence we obtain
  \sup_{|\alpha|>}   \frac{\langle\alpha\rangle^{d+1}\Vert\partial_{x}^{\alpha}V\Vert_{\infty}}
{\alpha!\mathcal{L}_{V,\varepsilon}^{|\alpha|}}  \leq  \Vert V\Vert_{\infty}.
 K_{V}  =   \max_{|\alpha|\leq}   \frac{\langle\alpha\rangle^{d+1}\Vert\partial_{x}^{\alpha}V\Vert_{\infty}}
{\alpha!}.
 \langle\alpha\rangle^{d+1}\Vert x^{\alpha}\phi\Vert(5.1)   \sup_{\alpha\overline{\alpha!\mathcal{L}_{\varepsilon}^{|\alpha|}}}, \leq 
(1\vee \mathcal{L}_{\varepsilon}^{-})K_{\phi}
and
(5.2)   \sup_{\alpha}\frac{\langle\alpha\rangle^{d+1}\Vert\partial_{x}^{\alpha}V\Vert_
{\infty}}{\alpha!\mathcal{L}_{V,\varepsilon}^{|\alpha|}} \leq (1\vee \mathcal{L}
_{V,\varepsilon}^{-})K_{V}.
Fix  \alpha\in \mathbb{N}_{0}^{d} . By (1.4), the Leibniz rule and Proposition 4.2(2), we obtain




  \leq\sum_{\beta+=\alpha}\frac{\alpha!}{\beta!\gamma!}|2t|^{|\beta|} 
\Vert(\partial_{x}^{\beta}V*|u(t)|^{2})J^{\gamma}u(t)\Vert
and




Define  I=  [0, t] if  t>  0 , and  I=  [t, 0] if  t<  0 . By Proposition 4.3 and (5.2), we have
for any  t'\in I,
  \frac{\langle\alpha\rangle^{d+1}||J^{\alpha}F(u(t'))\Vert}{\alpha!\mathcal{L}_
{\varepsilon}(t)^{|\alpha|}}






  \leq C\Vert u\Vert_{Z}^{2}(1\vee \mathcal{L}_{V,\varepsilon}^{-})K_{V}
\max_{\leq\alpha}\frac{\langle\gamma\rangle^{d+1}\Vert J^{\gamma}u(t')\Vert}
{\gamma!\mathcal{L}_{\varepsilon}(t')^{|\gamma|}}.
It follows from (1.3) and (5.1) that









Using the Gronwall inequality, we have
  \max\frac{\langle\gamma\rangle^{d+1}\Vert J^{\gamma}u(t)\Vert}{\gamma!\mathcal




 \mathcal{L}(J, u(t), L^{2}) \leq \mathcal{L}_{\varepsilon}(t) .
The desired inequality  \mathcal{L}(\partial, M(-t)u(t), L^{2})  \leq \mathcal{L}_{\varepsilon}(t)/|2t| follows from (1.4).
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